If O(n) denotes the sum of the positive divisors of a natural number n, and o(n) = 2n, then n is said to be perfect. Elementary textbooks give a necessary and sufficient condition for an even number to be perfect, and to date 24 such numbers, 6, 28, 496 Most of these bounds were improved in a subsequent paper with Hagis [6], but no improvement was given for the upper bound in the case when both 3 and 5 are factors. We will prove here that in that case t Z^ < .673634, the upper bound in [5] being .6 73770. We will also give a further improvement in the upper bound when 5 is a factor and 3 is not; namely, V -1 > -< .677637, the upper bound in [6] being .678036. (These are six-decimal-place approximations to the bounds obtained.)
If O(n) denotes the sum of the positive divisors of a natural number n, and o(n) = 2n, then n is said to be perfect. Elementary textbooks give a necessary and sufficient condition for an even number to be perfect, and to date 24 such numbers, 6, 28, 496, ..., have been found. (The 24th is 219 9 36 /ol 99 37 _ -, x discovered by Bryant Tuckerman in 1971 and reported in the Gu-iness Book of Records [3] . The three preceding ones were given by Gillies [2] .) It is not known whether there are any odd perfect numbers, though many necessary conditions for their existence have been established. The most interesting of recent conditions are that such a number must have at least eight distinct prime factors (Hagis [4] ) and must exceed 100 2 0 0 (Buxton and Elmore [1] ).
Suppose p , . . . , p are the distinct prime factors of an odd perfect number. In this note we will give a new and simple proof that (1) £-± -<log2, i = 1 r "za result due to Suryanarayana [5] , who also gave upper and lower bounds for Most of these bounds were improved in a subsequent paper with Hagis [6] , but no improvement was given for the upper bound in the case when both 3 and 5 are factors. We will prove here that in that case t Z^ < .673634, the upper bound in [5] being .6 73770. We will also give a further improvement in the upper bound when 5 is a factor and 3 is not; namely, V -1 > -< .677637, the upper bound in [6] being .678036. (These are six-decimal-place approximations to the bounds obtained. ) We assume henceforth that n is an odd perfect number. An old result, due to Euler, states that we may write i = l where p , . . . , p are distinct primes and p k E a k = 1 (mod 4) for just one k in {l, . .., t) and a{ = 0 (mod 2) when i ^ k. We will assume further that p < ... < p , and later will commonly write a( r ) for a^ when p i = r. The subscript k will always have the significance just given and II r and Z' will denote that i, = k is to be excluded from the product or sum.
ON ODD PERFECT NUMBERS
[Dec.
We w i l l need t h e well-known r e s u l t
which is easily proved (see [6] ). It follows that
We a l s o use t h e i n e q u a l i t y
To prove t h i s , n o t e t h a t
so we wish to prove that Hence (4) is true. Other and better inequalities of this type can be established but the above is sufficient for our present purposes. Now we prove (1). Since n is perfect, 
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By E u l e r ' s r e s u l t , a k >_ 1 and a^ >_ 2 (i-^ k) , so -+ log T • + log 25 " 3 " j " -r • But p _ > _ 13 (though we can easily demonstrate that in fact p >_ 17), so,
This completes the proof of (i).
(ii) We are given that p l = 5. The details in the following are similar to those above. Suppose, until the last paragraph of this proof, that a x = 2. Since a(5 2 ) = 31, we have 31\n. Now, a(31 2 ) = 993 = 3 -3 3 1 and 3Jn, so we must have a( 31 ) >_ 4. It follows from (2) and from the fact that 3/fft, that if p < 73, then p k must be either 13, 37, or 61 (so we cannot have a 1 = 1).
Suppose first that p = 6 1 . Then a( 
